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Abstract. In their 2007 paper, Jarvis, Kaufmann, and Kimura defined the full orbifold -ftr-theory of 
an orbifold X, analogous to the Chen-Ruan orbifold cohomology of X in that it uses the obstruction 
bundle as a quantum correction to the multiplicative structure. We give an explicit algorithm for the 
computation of this orbifold invariant in the case when X arises as an abelian symplectic quotient. 
Our methods are integral A'-theoretic analogues of those used in the orbifold cohomology case by 
Goldin, Holm, and Rnutson in 2005. We rely on the /^-theoretic Kirwan surjectivity methods de- 
veloped by Harada and Landweber. As a worked class of examples, we compute the full orbifold 
A'-theory of weighted projective spaces that occur as a symplectic quotient of a complex affine space 
by a circle. Our computations hold over the integers, and in the particular case of these weighted 
projective spaces, we show that the associated invariant is torsion-free. 



1. Introduction 

Orbifolds and their invariants, including homotopy groups, cohomology rings, and K-theory 
rings, are an active area of current research. Much recent work concerns stringy versions of these 
invariants (which take into account the so-called twisted sectors), motivated by the seminal work 
of Dixon, Harvey, Vafa, and Witten ||T4|. Examples of such invariants are the orbifold cohomol- 
ogy of Chen and Kuan |T2] and the full orbifold K-theory introduced by Jarvis, Kaufmann, and 
Kimura [ , 24] and further developed by Becerra and Uribe [7J. 

The main result of this manuscript is the complete description of the full orbifold K-theory of 
abelian symplectic quotients, using techniques from equivariant symplectic geometry. The exam- 
ples to which these methods apply include many orbifold toric varieties (or smooth toric Deligne- 
Mumford stacks) as discussed in e.g. [H [lOl [HI [23l [25l, including weighted projective spaces, a 
topic of active current research (6l[8l[l3l[l8l[22l[32l. Another class of examples are the orbifold 
weight varieties of [27] and [16', Section 8]. 

We introduce a new ring, called inertial K-theory, associated to a T-action on a manifold M, 
where T is a compact abelian Lie group and M is a stably complex manifold. This ring generalizes 
the stringy K-theory defined by Becerra and Uribe [[Zl Definition 2.1], which applies to a locally 
free T-action on Mo In contrast, the definition of inertial ii'-theory does not require that T act 
locally freely. An important special case is when X is a Hamiltonian T-space. In this setting, the 
restriction map to the T-fixed set allows us to simplify the product for the purposes of computa- 
tion. We then use an analogue of the Kirwan surjectivity theorem from equivariant symplectic 
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What the authors in |7| call 'stringy A'-theory' is analogous to the full orbifold AT-theory of 124 J in the case that the 
orbifold is a global quotient by an abelian Lie group. 
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geometry to prove that the inertial K-theory surjects onto (an integral lift of) the full orbifold 
K-theory of [24J. 

We take a moment to discuss other versions of K-theory for orbifolds discussed in the literature. 
In |l24il . the authors also introduce the stringy A'-theory IC{X, G) associated to a smooth projective 
variety X with an action by a finite group G. In this case, the G-invariant part of /C(X, G), which 
in [24 11 is called the small orbifold A-theory, is isomorphic as a vector space, but not as a ring, to 
the orbifold A'-theory of the global quotient X = [^/G] as defined by Adem and Ruan [IJ. In the 
setting of a global quotient by a finite group, the full orbifold iiT-theory of [2411 contains the small 
orbifold K-theory K,{X, G)*^ as a subring. However, the full orbifold AT-theory is far more general; 
in particular, it may be defined for stacks which are not global quotients. 

Our definition of inertial i^-theory NK^{M) follows ideas introduced by Goldin, Holm, and 
Knutson [16J in the setting of cohomology. The ring NK^{M) is well defined for any stably com- 
plex T-space M. In the case when the T-action is locally free, NK^{M) is the stringy /C-theory of 
Becerra and Uribe and in particular is isomorphic to (an integral lift of) the full orbifold K-theory 
of the associated orbifold [7, Section 2]. 

When the T-action is not locally free, then as far as we are aware, the inertial AT-theory ring 
NK^{M) is a new ring which has not appeared previously in the literature and does not corre- 
spond to the K-theory of a stack. The point of introducing NK^{M) is that we can use it along 
with integral i^- theoretic analogues f20ll2l1l of Kirwan surjectivity to compute the full orbifold K- 
theory of orbifolds X arising as abelian symplectic quotients. For example, orbifold toric varieties 
(as studied e.g. in [28J) arise in this manner via the Delzant construction. 

Our computations depend on an inertial-i^-theory analogue of standard localization results 
in equivariant symplectic geometry. Specifically, when M is a Hamiltonian T-space, the stringy 
product on NK^{M) may be reformulated using the T-fixed point sets and their normal bundles, 
simplifying computations. This is called the ^-product, and mimics a similar product in orbifold 
cohomology as in [T6|. Our main theorem, proven in Section |3l is the following. 

Theorem 1.1. Let The a compact connected abelian Lie group, and {M, uj, ^) a Hamiltonian T-space with 
proper moment map $ : M ^ t*. Assume that a G t* is a regular value of^, so that T acts locally freely 
on ^~^{a). Then the inclusion l : ^~^{a) ^ M, induces a ring homomorphism in inertial K-theory: 

(1.1) K : NK^{M) NK^{<f-Ha)) ^ KorU['^-\a)/T]) =: Korb([M/AT]) 

from the inertial K-theory NK^{M) of M onto the integral full orbifold K-theory Korb([^//aT]) of the 
quotient orbifold [M//aT] := [<I>^^(a)/T]. Furthermore, this map is surjective. 

We summarize the steps for the proof of this theorem and its use in effective computations. 
The key tool is the ring NK^{M) of the original Hamiltonian T-space M. As a vector space 
NK^{M) = 0jgy Kt{M^), where Af* consists of fixed points of the t action on M, t G T. For 
each t, Kt{M^) may be computed using well-known methods in equivariant topology (see e.g. 
[T7l[T9| ). We may also apply the ordinary A'-theoretic Kirwan surjectivity theorem, which states 
that the map Kt induced by inclusion from K^{M^) to K^{^^^{0) n M*) is a surjection [20|. How- 
ever, the ring structure on NK^{M) is not the obvious one on ^^^j, Kt{M^). Thus the main 



The stringy A'-theory of l24l is defined only when G is finite, and differs from the stringy it-theory of Becerra and 
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technical challenge, as was the case in fi6l , is to prove that the Kirwan map k dl.ll) is indeed a ring 
homomorphism. 

An additional benefit of our point of view is that NK^{M) surjects onto the full orbifold 
K-theory of any of its orbifold symplectic quotients (at any regular value a). This is because 
the isotropy information for every orbifold symplectic quotient [M//q,T] is contained in the ring 
NK^{M) when M is a Hamiltonian T-space. As an illustration of our surjectivity theorem, in 
Section|4]we calculate the orbifold cohomology of those weighted projective spaces that occur as 
a symplectic quotient of C" by a linear action. We will discuss symplectic toric orbifolds in 
greater detail in a subsequent paper. 
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2. The INERTIAL i^-IHEORY OF A STABLY COMPLEX T-SPACE 

Throughout, T will denote a compact connected abelian Lie group (i.e. a compact torus). In 
this section, we define a new ring, the inertial K-theory, associated to a stably almost complex 
T-manifold M. The definition is similar in spirit to that of the inertial cohomology associated to M 
as in |IT6| . When M is a Hamiltonian T-space, this inertial K-theory ring gives rise to a surjective 
ring homomorphism onto the full orbifold i^-theory defined by l|24| of the symplectic quotient 
M//,T. 

2.1. The definition of inertial K-theory. We begin by defining the inertial K-theory additively as 
a KT-module. Suppose M is a stably complex T-space in the sense of [16J. Since T is abelian, each 
M* is a T-space for t eT. 

Definition 2.1. The inertial K-theory NK^{M) of a stably complex T-space M is defined, as a 
^r(pt)-module, as 

(2.1) NK^{M) := 0Kr(M*). 

The grading o is with respect to group elements of T; as we will show in Definition I2.3[ the 
product of a homogeneous ti-class and a homogeneous t2-class is a homogeneous (ti • t2)-class. 
Here Kt{X) denotes the integral T-equivariant K-theory of Atiyah and Segal [30J. In the case 
when T acts with finite stabilizers, NK^{M) coincides with [Zl Definition 2.1] and with the full 
orbifold i^-theory of [24 J by [7, Section 2]. 

We now proceed with the definition of the product on NK^{M) which follows that of [7J and 
HD. We begin with some observations about the normal bundle to the fixed point set for a 
fixed subgroup H c T; these lead to a simple description (using logweights) of the obstruction 
bundle with respect to which we twist the product. Let V he a connected component of and 
let p G V. The linear action by H on each fiber TpM © r (where r is the trivial stabilization in the 
stably complex structure) is the identity on precisely TpV © r, so there is an induced linear action 
of H on the normal bundle iy{V, M) := TM/TV ^ (TM © r) / {TV © r) over V C M^. Since H 
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preserves the almost complex structure on TM © r, it follows that v{V,M) is a complex vector 
bundle. The (complex) rank of i'{V, M) may vary as V varies over the components of . 
We may write 

(2.2) v{V,M)^^^u{V,M)^, 

where H denotes the character group of H and u{V, M)a is the subbundle of v{V, M) on which H 
acts by weight a. Each element t e H acts on a fiber iyp{V, M)^ with eigenvalue exp{2TTiaa{t)) , for 
a constant aa{t) G [0, 1) called the logweight of t on u{V, M)a. 
Now let ^ 

M := y M*i'*2 

(ti,t2)eTxT 

where M*^'*^ is the submanifold of M consisting of points fixed simultaneously by ti and t2- For 
each pair (ti,t2) G T x T, let 0*1,43 be the union over all connected components V of M*!'*^ of 
Cti.talv/ where 

(2.3) Ot,,t,\v:= 1^(1^, M), 

a„(ti)+a„(t2)+ac((tit2)-l)=2 

is the complex subbundle of iy{V, M) given by the component on which the sum of the logweights 

of ti,t2, (^1*2)""^ is 2. 

Definition 2.2. The obstruction bundle O — > M is the (disjoint) union of the bundles Ot^^t2 in (|2.3|) 
for all pairs ti, t2 S T, i.e. 

(ti,t2)eTxT {tl,t2)&TxT 

V c.c. M^T-'''2 

where "c.c." denotes "connected component of". 

Let 6(0*1,42 Iv) := A_i(0*i,t2 ly) denote the T-equivariant K-theoretic Euler class of this bundle 
Cti,t2 1 V y- We define the virtual fundamental class of M to be the sum 

(tl,t2)eTxT 

V c.c. M*i'*2 

We may now define the product on NK^{M). By extending linearly, it clearly suffices to define 
the product 61 62 of two homogeneous classes hi G NK^r^{M) = KT{M^^),b2 G NK!^{M) = 
Kt{M^^). Let Cj : M*^'*^ <^ Af*J denote the canonical T-equivariant inclusion map for any ti,t2 G 
T and j = 1,2, and let 63 : M*^'*^ ^ M*!*^ denote the inclusion map into points fixed by the 
product tit2- 

Definition 2.3. Let M be a stably complex T-manifold and NK^{M) its inertial K-theory. Let 
ti,t2 e T. The product on the inertial K-theory NK^{M) is defined, for bi G NK!ji{M) and 
62 G iVK^2(M),by 

(2.4) biQb2 = e3,i{elbi-e*2b2-e{0)) 

where • denotes the usual product in the T-equivariant iC-theory Kt{M^^'^^). By extending lin- 
early, is defined on all of NK^{M). 
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Note that for bi G NK^^{M) and 62 G NK*^{M), the product 61 62 G NK^^^^{M) is by 
definition a homogeneous class in the tit2-summand of NK^{M). 
It is straightforward to show that NK^{M) is a K7^(pt)-algebra. 

Proposition 2.4. Let M be a stably complex T -manifold. Then NK^{M) is a commutative, associative, 
unital algebra over the ground ring i^^j'(pt) with the multiplication of Definition \2.3\ 

Remark 2.5. As observed in [7, Section 2], if T acts on M locally freely then NK^{M) Q is 
isomorphic as an algebra to the full orbifold K-theory Il24ll of M, Ko^]^([M /T]). More specifically, 
the natural map NK^{M) NK^{M) Q is an integral lift of Korh{[M/T]) as rings. 

In view of the proposition and remark above, we will henceforth occasionally abuse language 
and refer to NK^{M) as being isomorphic to Korh{[M /T]). The precise statement is that when T 
acts locally freely on M, NK^{M) is an integral lift of Korb([M/T]). 

Proof. The facts that NK^{M) is commutative and that 1 G Kt{M'^'^) acts as the unit element 
is immediate from the definition (|2.4|) . The i('T(pt)-algebra structure is also immediate from the 
corresponding structure on each summand. It remains to show associativity. Although we are 
not assuming that the T-action on M is locally free, the proof of associativity in our T-equivariant 
situation nevertheless follows precisely that of [7J (and [24]), so we do not reproduce it here. □ 

2.2. The product on the fixed point set. Localization is a standard technique in equivariant topol- 
ogy. Given M a stably complex T-manifold and a T-equivariant algebraic/ topological invariant, 
it is natural to ask whether the invariant is encoded in terms of the T-fixed point set and local 
T-isotropy data near the fixed points. The purpose of this section is to develop some inertial K- 
theoretic analogues of standard localization theory in equivariant topology. The presence of the 
quantum correction complicates matters, so we begin by defining a new ring structure, denoted 
by on Kt{M'^) Z[r], where Z[T] is the group ring on T. This is a K-theoretic version of the 
★ product on H^{M'^) Z[T] introduced in |16J. When M is a Hamiltonian T-space, we show in 
Section lZSl that the inertial K-theory injects into Kt{M'^) Z[T] as a ring, much as ordinary equi- 
variant A'-theory Kt{M) injects into Kt{M^) in such a case. This is the main motivation for the 
product -k: the new product provides a different means of computing the product given in (|2.4|) . 

For simplicity, we assume throughout that Af^ has finitely many cormected components. In 
this case 

Kt{M^) Z[r] = {Kt{W) Z[T]), 

W c.c. MT 

where the direct sum is taken over connected components of M^. When we refer to the restriction 
of a class in AV(M-^) Z[T] to a cormected component W, we mean the summand corresponding 
to W. As in the case, it suffices to define the ★ product of two homogeneous classes ai ti and 
0-2 t2 in Kt{M'^) Z[r], where ti,t2 G T and ai,a2 € Kt{M'^). Moreover, it also suffices to 
specify the value of the product restricted to each connected component W of M^. 

Definition 2.6. Let a-, tj G Kt{M^) Z[r] for j = 1,2, where tj G T, be two homogeneous 
classes. The ★ product on Kt{M'^) Z[r] is defined by 



(2.5) (cji 0ti)*(cj2 0t2)|iy 



n 



\nM(*i)+"M(*2)-an(*i*2) 
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for each connected component W of M^. Here e(/^) e Kt{W) denotes the T-equivariant K- 
theoretic Euler class of and v{W, M) denotes the normal bundle of in M. By extending 
linearly over the group algebra Z[r], the ★ product is defined on all of Kt{M'^) (g) Z[T]. 

The proof that the ★ product is associative is straightforward and identical to that of l|T6l Theo- 
rem 2.3], so we do not repeat the argument, but record the result here. 

Theorem 2.7. Let M he a stably complex T-manifold. The multiplication ★ of Definition 12.61 makes 
Kt{M'^) ® Z[T] into a commutative, associative, unital algebra over the ground ring i^T(pt). 

As stated above, the motivation for introducing Kt{M'^) (g) Z[T] with the * product is to allow 
for a kind of "localization" theorem in inertial K-theory. Consider the inclusion it : ^ M* for 



each t G T. This induces a map i'^ : Kt{M^) Kt{M^) ® t C Kt{M^) Z[T]. Combining the 
for each t £ T, we obtain a map of i^r-modules 

(2.6) i*NK ■■ NKt{M) Kt{M^) (g z[r], 

which we refer to as a "restriction map," since it is induced by the geometric inclusion ^ M* 
for each t G T. This morphism is in fact a ring homomorphism with respect to the and the 
•k products. 

Theorem 2.8. Let M be a stably complex T-manifold. Let KxiM"^) (g) Z[T] be endowed with the product 
* of Definition^M Then the restriction map i^j^ : {NK^{M),Q) {Kt{M^) ® Z[T],*) is a Kript)- 
algebra homomorphism. 

Proof. This proof follows that of Theorem 3.6 of 116J, though the explanation below is slightly 
different from that in [16J and is self-contained. 

We begin by noting that for any ti,t2 G T, the exponent a^(ti) -|- a^{t2) — a^{tit2) appearing 
in the definition of the * product is always either or 1. Using the defining properties of Euler 
classes, we may deduce 



Ii,CviW,M) 



e I. 



\afj,{ti)+af^Xt2)-a^{tit2)=l / 



so the expression appearing in the definition of the product is the Euler class of a certain sub- 
bundle of v{W, M). We will now show that this sub-bundle has a different description. Given ^ 
such that a^{ti) + a^{t2) — a^{tit2) = 1, then either a^{tit2) / 0, in which case 

a^i{ti) + a^{t2) - a^{tit2) = a^(ti) + a^{t2) - (1 - a^{{tit2)~^) = 1 

=^ a^ih) + a^(t2) + a^{{tit2y^) = 2 

or else a^{tit2) = 0, in which case C v{M*'^'*'^ , M*^*'^)\w ■ Conversely, if is an isotypic compo- 
nent of C'ti,t2 \w ffi z^(M*i'*2, M*i*2)|^^^ then a similar simple argument shows that a^(ti) + a^{t2) — 
^^(^1^2) = 1- Thus we have shown that 

(2.7) = Ot„t,\w®y{M'^''',M'''^)\^ 



\w- 



a^j,(ti)+a^{t2)-a^{tit2)=l 
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This makes it clear that the obstruction bundle overM*^ '*2 enters into the * product given by (I2.3D 
as well. 

To prove that is a ring homomorphism, it suffices to check the statement for homogeneous 
elements. Let bi E Kt{M^^) and 62 £ Kt{]VP^). Then for each fixed point component W of M^, 
we have 

i*NK{bi b2)\w = i*NK[{'^3)*{elbi ■ 62^2 • 40ti,t2))]\w 
= hlw ■ b2\w ■ [(e3)*(e(Cii,t2))]lw/ 
= b,\w ■ b2\w ■ e{Ot„t,)\we{iy{M''''\M'''^))\w 
= bi\w b2\w ■ <Ot,,t,\w e ^.(M*l■*^M*l*2)|^^). 

The equivalence (|2.7|) of bundles allows us to conclude that this product hi 62 restricted to a 
component W of M'^ agrees with the product of (^'i ) | * * ata" (^2 ) | as in (|2.5|l , as desired. □ 

2.3. The case that M is a Hamiltonian T-space. We now turn to the special case that (M, uj) is a 
Hamiltonian T-space. The motivation for the definition of the ★ product on Kt{M^) (g) Z[T] is to 
provide a target for a localization theoreom. As in the case of ordinary equivariant (rational) co- 
homology and equivariant i^T-theory, the fixed points of a Hamiltonian T-space play a special 
role in inertial K-theory. In particular, we have the following theorem. 

Theorem 2.9. Let (M, lo, be a Hamiltonian T-space. Suppose there exists a component of^ which is 
proper and bounded below, and further suppose that M'^ has only finitely many connected components. The 
map of rings given by 

iljK : {NKt{M), 0) ^ (Kt(M^) ® nTU) 

is injective. 

Proof. We have already shown in Theorem 12.81 that is an algebra homomorphism. Thus we 
need only show injectivity. Since T is abelian, standard symplectic techniques allow us to conclude 
that (M*,a;|^ft, $|mO is also a Hamiltonian T-space for each t G M. Furthermore, the second au- 
thor and Landweber prove in ||2ll that, for any Hamiltonian T-space M satisfying the assumptions 
of our theorem, the inclusion ^ A'P induces an injection Kt{M) ^ Kt{M^). Thus each map 

il : Kt(M^) — > Kt{M'^) (8) t 

is an injection, which implies that the map defined by an il on each component is also injec- 
tive, as desired. □ 

It is clear from the proof that the statement holds for any stably complex T-space M with the 
property that there is an injection 

Kt{M*) — > Kt{M^) 

for every t G T. In the case of equivariant cohomology, these spaces are called robustly equivari- 
antly injective in IfTSH . Thus, Theorem l2.9l holds also in the case that M is robustly equivariantly 
injective in K-theory. 
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3. SURJECTIVITY FROM INERTIAL K-THEORY TO FULL ORBIFOLD K-THEORY 

The main motivation for our definition of the inertial iC-theory of a T-space M is that we can ex- 
ploit it to give explicit computations of the full orbifold if -theory of abelian symplectic quotients. 
Our methods build on the Kirwan surjectivity techniques in ordinary (non-orbifold) A'-theory as 
developed in [20J. In this section we prove a general surjectivity theorem onto the Korb([^^ //aT]) 
of abelian symplectic quotients and discuss in some detail the computation of the kernel of the 
surjection. Indeed, for a wide class of examples, this method yields an explicit description via 
generators and relations of Korh{[M//aT]). In Section |4] we will give an explicit illustration of the 
use of our techniques in the case of weighted projective spaces occurring as symplectic quotients. 

We take a moment here to discuss the technical hypotheses on the moment map <I> to be used 
in this section. A more detailed discussion of these hypotheses may be found in [21 , beginning 
of Section 3]. For the surjectivity theorems (Theorems 13.41 and 13. 7 |) it is only necessary to assume 
that $ is proper; this ensures that the tools of equivariant Morse theory may be applied to 
However, for the computation of the kernel of the surjective Kirwan map as given in Theorem l3.8[ 
we need the additional technical assumption that there is a component of <I> that is proper and 
bounded below, and that the fixed point set has only finitely many connected components. In 
practice this is not a very restrictive condition (see ||2TJ Section 3] for further discussion). 

3.1. Surjectivity to Korb([^'"Ha)/r]). Here we show that under some mild technical assump- 
tions, the inertial AT-theory associated to a Hamiltonian T-space (M, w, defined in the previous 
section surjects onto the full orbifold K-theory of the symplectic quotient [M//aT] := [<I>~^(a)/T], 
where a is a regular value of <I>. 

We begin by recalling the setup. As above, T denotes a compact connected abelian Lie group 
(i.e. a connected compact torus). Let (M, m, ^) be a finite-dimensional Hamiltonian T-space, and 
assume that the moment map <I> : — > t* is proper. Suppose that a G t* is a regular value of ^. 
Then the level set ^^^{a) is a submanifold of M, and T acts locally freely on ^^^{a). Hence the 
quotient [<I>^^(q!) /T] is an orbifold. By results of Becerra and Uribe, 

(3.1) K,U[^-\a)/T]) - NK^{<^-\a)), 

where by the left hand side we mean (by slight abuse of notation) an integral lift of the orbifold 
K-theory, as in Remark l2.5l 

We now show that the right-hand side of (|3.1|) is computable, using techniques from equivariant 
symplectic geometry. The inclusion of the level set 

L : $~^(a) ^ M 

is T-equivariant and induces a map in equivariant K-theory, 

L* : Kt{M) KT($"^(a)). 

The fixed points sets M* are also Hamiltonian T-spaces, so we also have 

Here by abuse of notation we denote also by l the inclusions $^^(a)* ^ M*, for all t £ T. Hence 
there exists a map (also denoted l*) 

(3.2) L* : NKt{M) = 0ifT(M*) ^ NKT{^-^{a)) = KT(^"^(a)*) 

teT teT 
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defined in the obvious way on corresponding summands. It is immediate from the definition that 
the map is an additive homomorphism. 

What is not at all obvious is that the map l* of ( I3.2I ) is also a ring homomorphism with respect 
to the multiplicative structure on both sides, and furthermore that l* provides an effective way 
of computing NKxi^^^ia)), and hence Korb([*^'~^(a)/7']). We now address each of these issues in 
turn. 

As observed in IITSU and l|T6| , it is not necessarily true that a general T-equivariant map of 
T-spaces f : X ^ Y induces a ring map /* : NH^{Y) NH^{X) on inertial cohomology, 
with respect to the ^ product in inertial cohomology. Nevertheless, if a T-equivariant inclusion 
i : X Y behaves well with respect to the fixed point sets, fT6^, Proposition 5.1] states that l* is 
a ring homomorphism with respect to the new product in inertial cohomology. We now prove a 
K-theoretic analogue of this fact. 

Proposition 3.1. Let Y be a stably complex T-space. Let l : X ^ Y be a T-equivariant inclusion, and 
suppose also that X is tranvserse to all Y^,t G T. Then the map l* : NK^{Y) NK^{X) induced by 
inclusion is a ring homomorphism with respect to 0. 

Proof. The argument is nearly the same as that given for equivariant cohomology fW, Proposition 
5.1], so we do not fully reproduce it here. The only additional item to check in our K-theoretic 
setting is that the following diagram in T-equivariant A'-theory 

(3.3) KriY*^'^^) Kt{Y^^^^) 

K^(X*1.*2)^^Kt(X*1*2) 

12 12 

commutes, i.e. i*{e.^ )\ = (cg' where by abuse of notation we denote by l* both of the inclu- 
sions ^ ytit2 andX*i'*2 ^ y*i'*2, and also by both of the inclusions ^ and 
yti,t2 ^ ytit2 ggg |-]-^jg^ note that both normal bundles in question have natural T-equivariant 
complex structures, so they have canonical spin-c structures, as remarked in Section |2l The defi- 
nition of the pushforward in equivariant i^T-theory uses the Thorn isomorphism with respect to a 
spin-c structure on the relevant normal bundles to an inclusion. Hence, in order to check that (|3.3|) 
commutes, it suffices to check that the normal bundle v{Y^^'*^ , y*i*2^ restricts precisely to the nor- 
mal bundle i/(X*i'*2, X*^'*^) via l* . This follows from the transversality of X to all fixed points Y^, 
for any t G T. □ 

Although the transversality hypothesis of Proposition 13 . 1 1 is rather restrictive, there is a natural 
class of examples in which the conditions are satisfied. 

Lemma 3.2. Let {M, oj, ^) be a Hamiltonian T-space with proper moment map <I> : M ^ t*. Assume that 
a G t* is a regular value of^. Then the inclusion of the level set l : ^>~^(a) ^ M satisfies the hypotheses 
of Proposition 13.11 

This is a purely topological statement and its proof can be found in {16'. Theorem 6.4]. We may 
conclude that we have a ring homomorphism onto the integral full orbifold ii'-theory 

(3.4) K : NK-iM) ^ NK^i^-\a)) ^ K,,^{[<!>-Ha)/T]). 



10 



REBECCA GOLDIN, MEGUMI HARADA, TARA S. HOLM, AND TAKASHI KIMURA 



We refer to this composition n as the orbifold Kirwan map. We now recall the following, which is 
the analogue of the Kirwan surjectivity theorem (originally proved for rational Borel-equivariant 
cohomology) in integral ivT-theory |20t Theorem 3.1]. We state the theorem only in the special case 
needed here. 

Theorem 3.3. (' I[20]| ) Let (M, uj) he a Hamiltonian T-space with proper moment map $ : M ^ t* . Assume 
that a G t* is a regular value of^. Then the map l* induced by the inclusion l : <I>~^(a) ^ M, 

L* : Kt{M) KT{^-^{a)), 

is a surjection. 

The following is now straightforward. 

Theorem 3.4. Let {M,uj, <I>) be a Hamiltonian T-space with proper moment map <I> : M ^ t*. Assume 
that a e t* is a regular value of^, so that T acts locally freely on ^^^{a). Then the orbifold Kirwan map 
to the orbifold K-theory 

«:iVA'^(M)^Ko,b([^''(a)/T]) 
defined in ( 13.41 ) is a surjective ring homomorphism. 

Proof. Proposition ^ . 1 1 and Lemma |3^ guarantee that k is a ring homomorphism, so it is enough to 
check that l* is surjective. Since l* in (I3.2D is defined separately on each summand, the surjectivity 
follows from surjectivity on each summand. We observe that for a Hamiltonian T-space (M, lo, 
as given, for any t ^ T, the fixed set M* is itself a Hamiltonian T-space with moment map the 
restriction <1>|a//'- In particular, since <I>^^(a)* = ($|jvft)~^(a), Theorem |33] implies that each 

i* : Kt{M^) i^r(^~H")*) 
is surjective, completing the proof. □ 

Thus, in order to compute Korb([*I*^^(") /T]), we must explicitly compute NK^{M) and identify 
the kernel of k. We discuss the kernel in Section l3!2l As for the domain NK^{M), we observe that 
in fact a different, smaller, ring already surjects onto NK^{^^^{a)). This is highly relevant for 
computations, since the domain of the orbifold Kirwan map (|3.4|) is an infinite direct sum, while 
the smaller subring is a finite direct sum (and thus more manageable for explicit computations). 

The essential idea is similar to those already developed in |fT6ll and subsequently in ||15| . Since 
T acts locally freely on $"^(a) and because <l>^^(a) is compact (since <I> is proper), there are only 
finitely many orbit types, and hence only finitely many elements t G T occur in the stabilizer 
of a point in <I>~^(a). In particular, <I>^^(a)* is non-empty for only finitely many t. Thus in the 
codomain of the map (|3.2|), only finitely many summands are non-zero. It is straightforward to 
see that the restriction of k to the direct sum 

(3.5) Kt{M') 

t: $-i(a)V0 

itself surjects onto NK^{^^^{a)). Unfortunately (|3.5|) is not closed under the multiplication on 
NK^{M). Hence we introduce the T-subring of NK^{M), which is the smallest subring contain- 
ing (|3.5|) : this will also surject onto NK^{^^^{a)). 

Recall that if a torus T acts locally freely on a space Y, then by definition the stabilizer group 
Stab(y) of any point y € F is finite; we call Stab(?/) a finite stabilizer group. Similarly, given a 
finite stabilizer group Stab(2/), we call an element t G Stab(y) a finite stabilizer element. Let T 
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denote the subgroup of T generated by all finite stabilizer elements, called the finite stabilizer 
subgroup of T associated to Y. For any subgroup F of T we may define the following. 

Definition 3.5. Let y be a stably complex T-space and let F be a subgroup of T. Then 

(3.6) NKUy):=^Kt{Y') 

ter 

is a subring of NK^{Y), called the F-subring of NK^Y). 

Remark 3.6. Fhe F-subring is closed under the multiplication. Fhis follows immediately from 
Definition l2.3l and the comment after it, together with the fact that F is a subgroup and thus closed 
under multiplication. 

In the case of the level set <I>^^(a) of a Hamiltonian T-action (M, uj, with a proper moment 
map $, this associated subgroup F will be a finite subgroup of T0 Hence the direct sum in (|3.6|) is 
also finite. The preceding discussion establishes the following. 

Theorem 3.7. Let {M,uj, $) be a Hamiltonian T-space with proper moment map $ : M ^ t*. Assume 
that a G t* is a regular value of ^, so that T acts locally freely on ^~^{a). Let F be the finite stabilizer 
subgroup ofT associated to ^^^{a). Then the restriction of the orbifold Kirwan map (|3.4|) to the F- 
subring (|3.6|) , 

: NK^{M) ^ NK^T{^-\a)) ^ Korb([^-'(a)/T]), 
zs a surjective ring homomorphism. 

3.2. The kernel of the orbifold Kirwan map. Theorem 13.71 shows that the inclusion of the level 
set $^^(a) ^ M induces a surjective ring homomorphism from the F-subring NK^{M) to 
NKT{<^~^{a)) ^ Korb([^'"n«)/^])- So to compute explicitly the ring Korb([^"^(a)/r]), it then 
remains to compute the domain NK^{M) and the kernel ker(K^) of the orbifold Kirwan map. 

We begin with some comments on the computation of the domain NK^{M). In a large class 
of examples, the T-equivariant A'-theory of the original Hamiltonian T-space M is well-known 
to be explicitly computable. For example, following the Delzant construction of symplectic toric 
orbifolds, the original Hamiltonian space M is just C^, an affine space equipped with a linear 
T-action, so in particular is T-equivariantly contractible. In this case, then, the domain NK^{M = 
C^) is simply a direct sum of |F| copies of Kxipt) = R{T), as an i?(T)-module. 

Another important class of examples are GKM spaces. Suppose that the original Hamiltonian 
T-space (M, cu, $) is GKM in the sense of HH or Ell. Each fixed point set M* is then also GKM. 
A specific class of examples are the homogeneous spaces G/T of compact connected Lie groups G 
with maximal torus T, considered as a Hamiltonian T-space with respect to the natural left action 
of the maximal torus T (see e.g. |ll6l Lemma 8.2]). In this situation, the results of Section |231 imply 
that the natural restriction 

i^^ : {NK:^{M),Q) ^ (Kt(M^) ® Z[T],*) 

is injective. Furthermore, the image of this injection can be explicitly and combinatorially de- 
scribed using GKM ("Goresky-Kottwitz-MacPherson") theory. Indeed, GKM-type techniques in 

■^Although we do not make it explicit in the notation, this subgroup V depends on the choice of level set (a). In 
1 16 1 the subgroup V is chosen such that kF is surjective for any choice of level set, so our choice differs slightly from 
that of Goldin, Holm, and Knutson. 
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equivariant cohomology were already used in ||T6l Section 8] in order to give explicit computations 
associated to flag manifolds in inertial cohomology; the ii'-theoretic methods using GKM theory 
in K-theory (as in [19. 21 1, and references therein) are analogous. 

Now we turn to the computation of the kernel of the orbifold Kirwan map k. First observe (as 
in the proof of Theorem I3.4|l that for each t € T, M* is itself a Hamiltonian T-space, with moment 
map the restriction of ^ to M*. Thus, for each t G P, the map induced by inclusion 

is precisely the ordinary (non-orbifold) Kirwan map for the Hamiltonian T-space (M* , w | j^^t , ^> | ) . 
The kernel of the ordinary Kirwan map for an abelian symplectic quotient has been explicitly 
described in [21 J following previous work in cohomology of Tolman and Weitsman [31 J. More 
specifically, l2Tl Theorem 3.1] gives a list of ideals in Kt{M^) which generates ker(Kt); for refer- 
ence, we include the statement below. We fix once and for all a choice of inner product on t*, with 
respect to which we define the norm-square ||<l>|p : M — > M and identify t = t*. 

Theorem 3.8. (|l2Tl Theorem 3.1]j Let (M, oj, <1>) he a Hamiltonian T-space. Suppose there exists a com- 
ponent of <I> which is proper and hounded helow, and further suppose that Af ^ has only finitely many 
connected components. Let 

(3.7) Z := {$(C) I C a connected component of Crit(||$f ) C M} C t* ^ t 

he the set of images under <^ of components of the critical set of \\^\\^. For ^ G t, define 

:= {xGM| (^(x),e) <0}, 
K,/: := {a G K^{M) \ a\M^ = 0}, and 

Then there is a short exact sequence 

> K > K*{M) /C* ($-1(0)) > 0, 

where k : K^{M) K^{^^^ (0)) is the Kirwan map. 

Remark 3.9. Although the statement of [21, Theorem 3.1] explicitly refers to the symplectic quo- 
tient MjjaT , it is straightforward to see that the theorem in fact holds at the level of the T- 
equivariant ii'-theory of the level set $-^(0). Moreover, although [21, Theorem 3.1] is (for con- 
venience) stated only for the 0-level set $-^(0), since T-moment maps are determined only up to 
an additive constant, it is straightforward to see that the analogous statement also holds for the 
case of non-zero regular values q G t* and its corresponding level set ^~^(a). 

Using Theorem |3.8l and localization techniques as described in 11211 Section 2], an explicit list of 
generators for the kernel of Kt may be constructed for each t G T. Since 

ker(K'") = ^ker(Kf), 

the kernel of the restricted orbifold Kirwan map kF is therefore obtained by computing each 
ker(Kt) separately. This completes the explicit description of Korb([^~^(a)/r]) in terms of gen- 
erators and relations for a wide class of abelian symplectic quotients. 
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4. Example: the full orbifold i^-THEORY of weighted projective spaces 

We now give a complete description of the ring structure of the full orbifold K-theory of weighted 
projective spaces obtained as symplectic quotients of C" by S^, closing with the worked example 
of P(l, 2, 4). We do not require any mention of a stacky fan as in [9] or of labelled polytopes as 
in [|28J . The technique here is different from that in [7J because we use the fact that these spaces 
occur as symplectic quotients. We also avoid using the Chern character isomorphism, allowing us 
to obtain results over Z. In particular, we prove in Proposition 14. 1 1 that Korb([-^^]) has no additive 
torsion for those weighed projective spaces [M] obtained as symplectic quotients by a (connected) 
circle. 

Recall that such a weighted projective space is specified by an integer vector in Z"q^: 

b = {bo,bi,b2,- ■ ■ ,bn), 6fceZ, 5fc>0. 
The vector b determines an action of 5^ on C"+^, defined by 

t-{zo,Zi,...,Zn) := {t^''Z0,t^^Zl,...,t^"Zn), 

for t G 5^ and (zq, zi, . . . ,Zn) € C""*"^. An 5^-moment map for this action is given by 

1 " 

^{zo,Zi,. . . ,Zn) = --^&fc|kfc|P- 

k=0 

This is clearly proper and its negative bounded below. Moreover, since the bk are positive, the 
only 5^-fixed point in C""*"^ is the origin {0} € C"+^; in particular, (C""*"^)"^^ has only finitely 
many connected components. Any negative moment map value is also regular, so we may define 
the weighted projective space P'^,' (sometimes also denoted P"(6)) as the orbifold arising as a 
symplectic quotient 

pn ._ = [<!>-\a)/S^] 

for a regular (negative) value a. The differential structure does not change as a varies, though the 
symplectic volume does. We note that P^ may be a non-effective orbifold: if the integers bi are 
not relatively prime, i.e. g = gcd(6o, bi, . . . ,bn) ^ 1, then there is a global stabilizer isomorphic to 
the cyclic group Zg. Effective or not, however, all the hypotheses of the theorems in Section |3] are 
satisfied for these weighted projective spaces. 

We begin by computing the finite stabilizer subgroup T C S"^ for <I>^^(a). Throughout, we will 
denote by Ze the cyclic subgroup in given by the ^-th roots of unity {e^'^*^/^ | s = 0, . . . , ^ — 1} 
in S^. Given a non-zero vector z = {zq, zi, . . . , Zn) in C""*"^, the stabilizer subgroup of z in 5^ is 
precisely 

r. := n c s\ 

In particular, this implies that T is generated by the subgroups for each k, < k < n, so 
T = ZeCS^ where 



£ = lcm(6o,^i, • • ■,bn). 



14 



REBECCA GOLDIN, MEGUMI HARADA, TARA S. HOLM, AND TAKASHI KIMURA 



Let Cs := e^'^^^/^ € 5^. Then, by definition, the F-subring of the inertial AT-theory of the S'^-space 
C"+^ is additively defined to be 



n+l\C,s 



0K<,i(pt) = 0i?(5i) = 0ZK. 



,-ll 



s=0 



s=0 



s=0 



s=0 



where -R(5'^) denotes the representation ring of 5"^ and we use u as the variable in R{S^). For 
the first isomorphism above, we use the fact that the S'^-action on C""^^ is linear, so any fixed- 
point set for any group element is an S'^-invariant affine subspace of C"+^, hence 5^-equivariantly 
contractible to a point. 

We denote by as the element in iVK^i(C"+^) which is the identity 1 G Kgiipt) = R{S^) in 
the summand corresponding to Cs arid is elsewhere. These are clearly additive ii'^i -module 
generators of NK^i (C""*'^). Hence, in order to determine the ring structure of the F-subring of the 
inertial K-theory, it suffices to calculate the products Os at, for < s, i < ^, in inertial i^-theory. 
Since C"+^ with the given 5^-action is a Hamiltonian S'^-space with a component of the moment 
map which is proper and bounded below (and the fixed point set has finitely many connected 
components), from Section |2] we know that the map is injective (and in fact, in this case, is 
an isomorphism). Hence we may use for our computations the * product on inertial i^- theory as 
defined in Section|2l instead of the product. 

For any integer s € Z, let [s] denote the smallest non-negative integer congruent to s modulo 
i. Also let (q) := q — [q\ denote the fractional part of any rational number g G Q. In our case, the 
logweight of an element Cs G T acting on the k-ih coordinate may be explicitly computed to be 



(IkiCs 



[hs] 



Hence Cs acts on the A;-th coordinate as e^'^*"'= By the formula for the * product in Definition l2.6[ 
we immediately obtain the relation 



(4.1) 



a, -k a^i = Q;r„_i_o' 



/ 



afc(Cs) + afc(Cs')-afc(CaCs') 



among the generators of the twisted sectors, where we have used that the 5^-equivariant K- 
theoretic Euler class of the S'^-equivariant bundle Ca pt of S"^ -weight A G Z is 



€51 (Ca) = 1 - n"^ G R{S'^) = Z[u,'^ 



,-ii 



Hence the F-subring may be described as 



(4.2) 



where I is the ideal generated by the relations (|4.1|) for all < s,s' < £ — 1, i.e. 



(4.3) 



I 



asOs' 



n(i 

\k=0 



U 



0<s,s'<i-l 
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In order to obtain the orbifold ii'-theory of the symplectic quotient P^, we must now compute the 
kernel of the ii'-theory Kirwan map for each sector, i.e. 

for each < s < ^ — 1. (Here we have chosen to reduce at the regular value —1.) As mentioned 
above, since each (C"+^)^'' is itself a Hamiltonian 5^-space and its symplectic quotient by this 
is again a toric variety, we may apply ||21t Theorem 3.1] to obtain 

(4.4) ker(K,) = / J] (1- 

\k:ak{Cs)=0,0<k<n 

Here we use the fact that the k-th coordinate line in C"''"^ is fixed by Cs if and only if a^iCs) = 0, 
and that in this case (where we have just an S'^-action, not a larger-dimensional torus) the negative 
normal bundle with respect to <I> is in fact all of the tangent space to the fixed point {0} in (C"^"'"^)^" . 

Hence we conclude that the full orbifold K-theory of the weighted projective space is given 

by 

Ko,b(n ) = u~\ao, ...,ae]^I + J, 
where J is the ideal in (|4.3|) and 

J=/ Yl il-u-^>=) 0<s<£-l\ . 

\fc:afe(Cs)=0,0<fc<n / 

Simple algebra then shows that the full orbifold K-theory of a weighted projective spaces is 
torsion-free. 

Proposition 4.1. The full orbifold K-theory ring of a weighted projective space P[,' obtained as a symplectic 
quotient does not contain (additive Z) torsion. 

Proof. It is sufficient to check that each summand 



i^*.((cl>-l(l))f= 



is torsion-free over Z. This piece is precisely the ring 
(4.5) A 



Now suppose that / G ^ is a torsion class: that is, there is an integer m > 2 satisfying m • / = in 
A. Let F G Z[n, u~^] be a representative of /. Then mF must be in the ideal in the denominator of 
(|4.5|) . But Z[u, u^^] is a unique factorization domain, and m is not a unit in Z[n, u^^]. Thus, since 



mF = T- JJ(1 



unique factorization implies that r is multiple of m. Thus we deduce that F itself is in the ideal, 
and hence / = in yl. □ 
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4.1. A worked example: IP^i2 4)' now illustrate the computations above using the specific 
weighted projective space P^^ ^ 4)' the orbifold that is the symplectic quotient of C'^ equipped with 
the 5 ^-action 

t ■ (zo, 2:1, 2:2) := (izQ,t^2,x,t^Z2). 
for t G S^, (zo, 21, 22) G C'^. We will denote the weight spaces of this by C(i), C(2), C(4) respec- 
tively. In this case i = lcm(l, 2,4) = 4 so T = Z4, generated by e*^'^/'^ = i ^ . The following chart 
contains the necessary information for computing the inertial i^T-theory of C'^. 



s 





1 


2 


3 


Cs 


1 


i 


-1 


—i 






C(4) 


C(2) e C(4) 


C(4) 


ai(Cs) 





1 
4 


1 
2 


3 
4 


02(0) 





1 

2 





1 
2 
















generator of 
Cs sector 


ao 




02 


as 



Using the formula (|4.1|) given above, we immediately conclude that the product structure in the 
inertial K-theory of is given by the following multiplication table. Recall that ao, being the 
generator of the untwisted (identity) sector, is the multiplicative identity in the ring, so we need 
not include it in this table. 



(4.7) 





ai 


a2 


as 


ai 


(1 - u"2)a2 


as 


(1 -tt-i)(l -ii-2)ao 


02 




(1 - ti"^)ao 


(1 — u~'^)ai 


as 






(1 -u-i)(l -u-2)a2 



Let X be the ideal generated by the product relations in (|4.7|) . Then we have 

NKI^{C^) ^ Z[m, u'^][ao, ai, a2, j X ^ (ao - 1). 

We may also explicitly compute the kernels of the theory Kirwan maps Kg for < s < 3, 
according to (|4.4|) . We have 



ker(Ko) 


= (ao(l 


— u 




-n-2)(l-0) 


ker(Ki) 


= (ai(l 


— u 






ker(K2) 


= (a2(l 


— u 


-2)(1 




ker(Ks) 


= (a3(l 


— u 


-^)). 
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Let J be the ideal generated by ker(Ks) for all s, < s < 3. We conclude that 
(4.8) Korb(lP?,2,4) =Z[^^,^^"^][«o,ai,a2,a3]/2:+ (ao- 1) + X 
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